Periodic waveguides bring a new twist to the typical waveguiding problems of the intermediate case between photonic crystal waveguides and photonic wires or ridge waveguides. We develop an asymptotic theory applicable for a broad class of coupled periodic waveguide structures and use the analytical expressions to identify the generic types of dispersion in the vicinity of a photonic band edge, where the group velocity of light is reduced. We show that the dispersion can be controlled by the longitudinal shift between the waveguides. We also demonstrate through finite-difference time-domain simulations examples of spatial and temporal pulse dynamics in association with different types of slow-light dispersion.
INTRODUCTION
The physics and applications of slow light have been attracting increasing attention in recent years. In particular, the strong reduction of the pulse velocity by orders of magnitude was demonstrated experimentally in periodically modulated photonic structures [1] [2] [3] [4] [5] [6] [7] . Flexible control over the light propagation in microscale structures may lead to the realization of ultra-compact delay lines, with the additional capability of flexible pulse shaping. Indeed, the slow-light regime can be realized when the pulse spectrum is tuned close to the edge of a photonic bandgap, where the dispersion curves feature a turning point and the group velocity is reduced to zero. On the other hand, in this spectral region the group-velocity dispersion becomes significant, defining the reshaping of the propagating pulse [8] . It was suggested that the slowlight dispersion can be controlled in specially designed structures [9] [10] [11] , with the possibilities of obtaining either quartic band edges or split band edges where slow-light states feature nonvanishing phase velocity. Most recently, it was demonstrated, based on general symmetry analysis, that the latter regime corresponds to the appearance of two distinct slow-light modes, for which group velocity is automatically matched in the same frequency region [12] . The simultaneous excitation and beating of such modes opens new possibilities for the spatiotemporal control of pulse propagation, including the operation of photonic crystal couplers for slow-light pulses [12] .
In this work, we present a general analysis for the realization of different slow-light dispersion regimes by selecting a longitudinal shift between directionally coupled periodic waveguides (as indicated by parameter z 0 in the examples of the structures sketched in Fig. 1 ). The key possibilities of dispersion engineering with quadratic, quartic, or split band edges are illustrated in Fig. 2 . The important effect of the photonic structure symmetry on the mode dispersion and bandgap spectrum was recognized in previous studies of Bragg grating couplers [13] [14] [15] [16] [17] , photonic crystal waveguides [12, 18] , and coupled nanopillar waveguides [19] [20] [21] [22] . Our analytical expressions are valid for a broad range of photonic structures, uncovering the essential physics underlying the similarities of slow-light dispersion characteristics previously obtained in the framework of distinct analytical and numerical methods. We show that the most flexible control over the band-edge dispersion can be obtained when the longitudinal shift can be varied continuously. In twodimensional photonic crystals, the shift may be constrained to particular values by the symmetry of the underlying periodic lattice. Whereas the shift is arbitrary in coupled Bragg grating waveguides, the weak refractive index contrast imposes limits on the structure size [5, 23] , which may be of the order of centimeters. On the other hand, the system of coupled nanopillar or onedimensional photonic crystal waveguides offers the combined advantages of unrestricted dispersion control through nonconstrained positioning of individual nanopillars or holes, as illustrated in Fig. 1 , and the capability of switching pulses in structures of micrometer dimensions because of the strong field confinement facilitated by the large refractive index contrast. We present examples of dispersion dependencies in coupled nanopillar and photo-nic wire waveguides, confirming that fundamentally different band-edge profiles can be obtained by varying just the shift between the identical periodic waveguides.
Whereas different approaches to the control of bandedge dispersion have been discussed in the literature, there is limited research on pulse shaping under such conditions. We perform finite-difference time-domain (FDTD) simulations of pulse dynamics and identify novel regimes of spatiotemporal pulse shaping as the input wavelength it tuned close to different spectral regions. In particular, we observe transient spatial switching between the waveguides due to the pulse splitting into slow and regular modes with different spatial profiles. We also register asymmetric reshaping of slow-light pulses when the band-edge shape is selected close to a quartic profile. We anticipate that such tunable linear dynamics may lead to new possibilities for the frequency conversion processes and all-optical switching [5, 17] , since the nonlinear wave mixing is enhanced in the slow-light regime [24, 25] .
The paper is organized as follows. In Section 2, we derive analytically the shapes of band-edge dispersion for coupled periodic waveguides. Then, in Section 3 we review the basic properties of coupled nanopillar waveguides and demonstrate the engineering of slowlight dispersion, also presenting analysis of the spatiotemporal dynamics of slow-light pulses in such structures based on FDTD simulations. In Section 4 we demonstrate that similar types of slow-light dispersion can be realized in coupled photonic wire waveguides. Finally, we summarize our key conclusions in Section 5.
SLOW-LIGHT DISPERSION IN COUPLED PERIODIC WAVEGUIDES
A remarkable property of periodic waveguides is the possibility they afford for reducing the group velocity of optical pulses. The presence of the periodic refractive index modulation along the waveguide leads to Bragg reflection resonances and the appearance of photonic bandgaps for a range of frequencies where the light is reflected back [26] [27] [28] . In the vicinity of the band edges, the dispersion relation between the optical frequency ͑͒ and the Bloch wavenumber ͑k͒ is strongly modified, and it is commonly expressed as
Here b and k b denote the values at the band edge, and D 2 is the second-order dispersion coefficient. The group velocity V g =d /dk Ӎ ±2͓D 2 ͑ − b ͔͒ 1/2 gradually reduces to zero as the frequency is tuned toward the edge of a transmission band.
In this section, we perform a general analysis of the modification of band-edge dispersion in photonic structures consisting of parallel waveguides. We consider twodimensional modulation of the optical refractive index with the characteristic period a in the propagation direction ͑z͒, with the dielectric constant profile written as
where x and z are the transverse and longitudinal coordinates, respectively; w ͑x , z͒ describes the profile of a single waveguide; ͑x 0 , z 0 ͒ is the relative offset of the second waveguide; and the function p ͑x , z͒ describes the background refractive index. Then, the periodicity condition is expressed as
We also require that the background index has exactly the same profile after the reflection and coordinate shift: 
͑3͒
We note that these conditions are satisfied for a variety of different photonic structures with coupled periodic waveguides, including the following situations:
(i) p ͑x , z͒ = constant, which is the case for coupled Bragg grating waveguides [17] , arrays of nanopillars [19] [20] [21] [22] , or coupled one-dimensional photonic crystal waveguides shown schematically in Fig. 1 .
(ii) p ͑x , z͒ describes a hexagonal photonic crystal structure, and x 0 and z 0 correspond to the basis vectors of the photonic lattice [12] .
To be specific, in the following we consider the TM modes (electric field polarized in the y axis), and similar analysis can be performed for TE-polarized waves. Then, the dispersion of guided modes can be determined based on the scalar Helmholtz equation for the complex electric field envelopes E͑x , z͒,
where is the angular frequency and c is the speed of light in vacuum. First, we define the modes of individual waveguides with 1 ͑x , z͒ = p ͑x , z͒ + w ͑x , z͒ or 2 ͑x , z͒
Due to the periodicity condition (2) and additional symmetry (3), the waveguides support equivalent sets of modes, which satisfy the Bloch condition:
where the subscripts 1 and 2 refer to the corresponding waveguides, are the eigenfunctions that are localized in x and periodic in z, and k is the Bloch wavenumber. The dispersion dependence 1 ͑k͒ and 2 ͑k͒ can be determined by solving the wave equation (3), using well-established approximate analytical or exact numerical methods [26] [27] [28] . We note that in dielectric structures j ͑k͒ ϵ j ͑−k͒ and j ͑x , z ; 1 , k͒ϵ j * ͑x , z ; 1 ,−k͒, where ‫ء‬ stands for complex conjugation. On the other hand, due to the symmetry conditions, 1 ͑k͒ϵ 2 ͑−k͒, and we can always choose the absolute phase to satisfy 2 ͑x , z ; 1 , k͒
Now we seek solutions for the coupled-waveguide structure defined by Eq. (1) as a combination of individual modes with the amplitudes A 1 and A 2 :
We substitute Eq. (7) into Eq. (4), multiply the resulting equation by E 1 * or E 2 * , and integrate over the area (−ϱ Ͻ x Ͻ + ϱ, 0Ͻ z Ͻ a). Then, we obtain a set of two equations for the amplitudes A 1 and A 2 , which have a nontrivial solution when the following condition is satisfied:
Here ␦ = 2 − 1 2 defines the frequency detuning due to waveguide coupling, and the coupling coefficients are
where the brackets ͗ ͘ denote ͐ −ϱ +ϱ dx͐ 0 a dz͑ ͒. We consider the case of weakly coupled waveguides.
Then, we estimate that b 1 Ӎ O͑1͒, b 2,3,4 Ӎ O͑͒, and ␦ Ӎ O͑͒, where is a small parameter. By keeping the lowest-order terms in Eq. (8), we obtain the following asymptotic relation:
Then we determine the dispersion relation analytically:
We assume that the individual waveguides have the commonly occurring parabolic shape of the dispersion curves at the edge of the Brillouin zone,
where k 1b = / a. We introduce the notation = k − k 1b and expand the coupling coefficients in :
We substitute Eqs. (12) and (13) into Eq. (11), take into account that 2 − 1 2 Ӎ 2͑ − 1 ͒ 1 , and obtain the final expression for mode dispersion in coupled waveguides close to the band edge, in the regime of slow-light propagation:
͑14͒
We now analyze particular cases, considering symmetric waveguides with p,w ͑x , z͒ϵ p,w ͑−x , z͒ϵ p,w ͑x ,−z͒: (i) If there is no shift between the waveguides, z 0 =0, then b 4b1 = 0, and
͑15͒
In this case, the dispersion branches are split vertically, as illustrated in Fig. 2(b) . At the band edge, there appears a single slow-light mode, featuring conventional quadratic dispersion dependence.
(ii) If the waveguides are shifted by half of the modulation period, z 0 = a / 2, then b 2b = b 4b = 0, and
In this case, the dispersion branches predominantly split horizontally, as illustrated in Fig. 2(c) . Accordingly, the socalled split band edge appears, which is associated with the coexistence of two distinct slow-light modes in the same frequency region as the photonic band edge.
(iii) By choosing the intermediate shifts between the waveguides, it becomes possible to tailor the dispersion dependencies, as they are transformed between the cases (i) and (ii). We elaborate more on this possibility in Section 3.
SLOW-LIGHT DYNAMICS IN DISPERSION-ENGINEERED COUPLED NANOPILLAR WAVEGUIDES
We now demonstrate how the band-edge dispersion can be engineered in coupled nanopillar waveguides, shown schematically in Fig. 1(a) . The potential for practical realization of nanopillar waveguide structures was demonstrated in experimental studies [29] [30] [31] [32] . For the numerical simulations presented below, we solve Maxwell's equations in a two-dimensional geometry for TMpolarized electromagnetic waves (with the electric field polarized along the y axis). We choose the nanopillar diameter 0.29 a, the material refractive index 2.5, and the transverse separation between the coupled waveguides x 0 = a. For convenience, we normalize the time to = a / c and the Bloch wavenumber to 2 / a, and the frequency is measured in multiples of a / , where is the wavelength in vacuum. In FDTD simulations, we use pulses with the full-width at half-maximum of the frequency spectrum equal to 0.5% of the central frequency. We estimate that, to observe the slow-light propagation at 1.55 m, one can use a structure with a period of a Ӎ 0.62 m, a nanopillar diameter of 180 nm, a time scale of Ӎ 2.07 fs, and a pulse duration of 655 fs.
A. Symmetrically Coupled Waveguides with No Longitudinal Shift
We start by considering the case of zero longitudinal offset ͑z 0 =0͒, when the photonic structure is symmetric as shown in Fig. 3(a) . Calculations of the dispersion dependencies were performed using the freely available MIT Photonic Bands (MPB) software package utilizing the plane-wave expansion method [33] . In agreement with the general analysis presented in Section 2, the dispersion branches are split vertically [see Fig. 3(b) ]. Accordingly, the slow-light regime is realized for both modes at the edge of the Brillouin zone, corresponding to the same value of the normalized wavenumber ͑k = 0.5͒ [see Fig.  3(c) ]. We note that the first mode has an odd symmetry [see Fig. 3(d) ], such that the electric field has a phase shift between the waveguides. On the other hand, the sec- ond mode has an even symmetry [see Fig. 3(e) ], and the coupled waveguides are in phase. This situation is similar to the mode structure in a conventional directional coupler [34] [35] [36] , indicating the possibility of light switching between the parallel waveguides. However, the mode cutoffs and the associated reduction of their group velocities appear at different frequencies, and we perform FDTD simulation to investigate the pulse dynamics in the system. As a characteristic example demonstrating the effect of beating between the modes on the pulse dynamics, we tune the pulse frequency close to the cutoff of the second mode. The pulse spectrum is shown with a gray-shaded stripe in Fig. 3(b) , at the frequency around Ӎ 0.3784. We see that, in this frequency region, both modes can propagate in the structure. However, the two modes have significantly different group velocities, since the slow-light propagation is realized only for the second mode. Indeed, our simulations demonstrate that the leading edge of the pulse has an odd symmetry, associated with the fasterpropagating first mode [see Fig. 4(a) ]. At a later time [ Fig.  4(b) ], periodic switching of light is observed along the waveguides, due to the transient overlap between the slowly propagating even mode and the odd-mode state. Finally, at longer times only the slow even mode remains inside the structure [ Fig. 4(c) ], and the spatial switching again disappears.
B. Coupled Waveguides Shifted by Half a Period
We now consider the light dynamics in the case when the waveguides are shifted longitudinally by half of the period, as shown in Fig. 5(a) . In agreement with the general predictions of Section 2, now the dispersion curves split horizontally [21] , resulting in the appearance of the split band edge [see Figs. 5(b) and 5(c)]. In this case, there appear two band edges with different wavenumbers, equally separated from the Brillouin zone edge. However, the cutoff frequencies for the two modes now coincide. In agreement with the previous results for other types of coupled periodic waveguides [12, 17] , we observe that this type of dispersion also facilitates switching of slow-light pulses in coupled nanopillar waveguides. Although the modal profiles are now neither even nor odd [see Figs. 5(d) and 5(e)], their beating still results in the periodic tunneling of light between the waveguides, as confirmed by the numerical simulations presented in Fig. 6 . We see that the pulse follows a sinusoidal trajectory, as it periodically switches between the waveguides during the propagation along the structure. Such a characteristic pulse trajectory is preserved at all time steps, and this is only possible because both modes propagate in the slow-light regime with the same group velocities.
C. Coupled Waveguides with Intermediate Longitudinal Shift
Finally, we consider the case of intermediate longitudinal shifts between the coupled periodic waveguides. By continuously varying this structural parameter, we can flexibly control the band-edge dispersion. In particular, for the structure shown in Fig. 7(a) , we realize the situation when the first mode dispersion becomes almost flat close to the band edge [see We simulate the pulse dynamics when its central frequency is tuned right at the band edge ͑ Ӎ 0.4029͒, as marked with the gray-shaded stripe in Fig. 7(b) . This frequency is above the cutoff of the second mode; however, we observe the periodic light tunneling between the waveguides, which is characteristic of two-mode beating [see Fig. 8 ]. Indeed, for frequencies close to the band edge, there exist two sections of the dispersion curve above and below the Brillouin zone edge, where the group velocities Fig. 3(a) . The central pulse frequency is Ӎ 0.3784, and the pulse spectrum truncated at full-width at half-maximum is shown with the gray shading at the corresponding frequency region in Fig. 3(b) . Shown are the snapshots of the electric field component E z at different times, as indicated by labels.
for the first mode are small and positive. It is the beating between these states that results in the tunneling of light between the waveguides. In contrast to the case of longitudinal shift by half a period discussed above in Subsection 3.B, the switching between the waveguides is not symmetric. Indeed, the switching lengths from the upper to the lower waveguides and back are different, due to the asymmetry of the underlying photonic structure. Nevertheless, we observe that the switching is almost complete at certain propagation distances. Therefore, such asymmetric structures can operate as slow-light couplers, with the possibility for fine-tuning of the band-edge dispersion.
PHOTONIC WIRE WAVEGUIDES
We now show that the band-edge dispersion can also be controlled in other types of periodic structures, considering the case of coupled photonic wire waveguides shown schematically in Fig. 1(b) . Such waveguides have been extensively investigated in recent years, and we choose the Fig. 5(a) . The central pulse frequency is Ӎ 0.4035, and the pulse spectrum truncated at full-width at half-maximum is shown with the gray shading in Fig. 5(b) . Shown are the snapshots of the electric field component E z at different times, as indicated by labels. parameters based on the characteristics of previously fabricated structures [37, 38] . Specifically, we solve Maxwell's equations in a two-dimensional geometry for TEpolarized electromagnetic waves (with the magnetic field polarized along the y axis). We choose the width of individual waveguides equal to the structure period a, the hole diameter 0.4 a, the effective material refractive index 2.798, and the transverse separation between the coupled waveguide centers x 0 = 1.2 a. Similar to the results presented for coupled nanopillar waveguides in Section 3, we normalize the Bloch wavenumber to 2 / a, and the frequency is measured in multiples of a / , where is the wavelength in vacuum. According to the results of [37, 38] , the slow-light propagation at 1.5 m can be realized when the period is of the order of a Ӎ 0.35 m.
Whereas the analytical analysis in Section 2 is presented for TM-polarized waves, numerical simulations indicate that the dispersion of TE-polarized modes in coupled periodic waveguides follows the same general trends as sketched in Figs. 2(a)-2(c) . Specifically, we find that the slow-light regime appears at separate frequency cutoffs for even and odd modes when the holes in adjacent waveguides are aligned (Fig. 9) . Then, quartic band-edge dispersion can be realized for a particular value of the longitudinal shift between the holes [see Fig. 10 ]. Finally, the split band edge is observed when the holes are shifted Fig. 7(a) . The central pulse frequency is Ӎ 0.4029, and the pulse spectrum truncated at full-width at half-maximum is marked with the gray shading at the corresponding frequency region in Fig. 7(b) . Shown are the snapshots of the electric field component E z at different times, as indicated by labels.
by half a period [see Fig. 11 ]. Due to the similarity of dispersion characteristics and the symmetries of mode profiles with those of nanopillar waveguides, we expect that the pulse propagation in photonic wires would mimic closely the key features of the spatial-temporal dynamics discussed in Section 3.
CONCLUSIONS
We have shown that dispersion characteristics of slowlight at photonic band edges can be flexibly controlled in coupled periodic waveguides, simply by changing the longitudinal offset. Our general theoretical analysis provides a link between the variety of previously considered coupled guiding structures, formulating the generic basis for dispersion engineering. We further demonstrate how various dispersion dependencies can be realized for a system of coupled nanopillar waveguides comprising periodic rows of dielectric rods and photonic wire waveguides with a periodic set of holes. In such structures, the longitudinal offset between the rods or holes can be freely varied, offering full flexibility in tailoring the dispersion properties. Our numerical FDTD simulations illustrate distinctly different regimes of spatio-temporal pulse dynamics, demonstrating nontrivial dependencies on the frequency detuning from the band edge and high sensitivity to the structure symmetry. These results suggest several directions for further studies. We note that by optimizing the value of the longitudinal shift between the periodic waveguides, it is possible to obtain quartic band-edge dispersion. It was predicted that such flat band edges can lead to an increased density of states at frequencies near the band edge [9, 10] , and this may offer a potential to enhance the characteristics of slow-light resonators. Another parameter that needs to be carefully addressed is the distance between photonic wires or transverse offset between two rows of nanopillars providing the optimal coupling strength for effective interactions. The demonstrated control over the phase velocities and spatial profiles of slow-light modes also suggest the potential for flexible engineering of wavemixing processes and all-optical switching with discrete solitons [39] , taking advantage of nonlinearity enhancement in the slow-light regime. 
